Abstract. The harmonic numbers H n = 0<k n 1/k (n = 0, 1, 2, . . .) play important roles in mathematics. With helps of some combinatorial identities, we establish the following two congruences:
is the n-th Catalan-LarcombeFrench number.
Introduction
The Catalan-Larcombe-French numbers P 0 , P 1 , P 2 , . . .(cf. [FH] ) are given by n−2k , they arose from the theory of elliptic integrals (see [PD] ). It is known that (n + 1)P n+1 = (24n(n + 1) + 8)P n − 128n 2 P n−1 for all n ∈ Z + . The sequence (P n ) n≥0 is also related to the theory of modular forms, see D.Zagier [D] .
Recently Z.-W.Sun stated that
The Bernoulli numbers {B n } are defined by
The Euler numbers{E n } are defined by
where [a] is the greatest integer not exceeding a. Conjecture 1 [Su1, Remark 3.13] We also have the following conjecture related to Euler numbers:
for any odd prime p, where
is the Legendre symbol. In this paper we mainly prove Conjecture 1.
Recently Z.H. Sun and X.J Ji done some research on the CatalanLarcombe-French numbers. In [S2] Z.H. Sun showed that 7, 16, 25, 32, 64, 160, 800, 1600, 156832. X.J Ji and Z.H. Sun [JS] obtained
where p is an odd prime and m, r are positive integers. 
and
Z.-W. Sun proved that
, which is very important to get our results. Motivated by the above work, we mainly obtain the following result in this paper. Theorem 1.1. Let p > 3 be a prime. Then
Remark 1.1. Our approach to Theorem 1.1 is somewhat unique in the sense that it depends heavily on some special combinatorial identities. And the reason why we research these two congruences is to prove the following Theorem. And the second congruence was conjectured by Z.-W. Sun in 2012, he also showed that it was equivalent to
He also list this conjecture in [Su2] . Theorem 1.2. For any odd prime p. We have
We are going to prove Theorem 1.1 in section 2, and at last we prove Theorem 1.2 in section 3.
2. Proof of Theorem 1.1 Lemma 2.1. [Su3, Lemma 4.2] Let p = 2n + 1 be an odd prime, and let k ∈ {0, . . . , n}. Then
For any positive integer n, we have the following identities
These two identities can be easily proved by induction.
Lemma 2.3. Let p > 3 be a prime. Then
Remark 2.1. Lemma 2.3 is a famous congruence of Morley [Mo] .
Proof of theorem 1.1: For any prime p > 3, taking n = (p − 1)/2 in (2.3), by Lemma 2.2 and Lemma 2.3 we can get that
with (2.2) we know
so we finish the proof of (1.3).
For any prime p > 3 , taking n = p−1 2 in (2.4), with Lemma 2.3 and (1.2) we can deduce that
(Note that 2 p−1 = 1+pq p (2) and 4
(2.5)
, it is known that
With (2.1) we have
by (1.1), (1.3) and (2.5) we can deduce that
So we have done the proof of (1.4).
Proof of Theorem 1.2
Proof of (1.5): For any prime p > 3, with Lemma 2.3 we have
So by (1.1) we have
then with (1.4) we can easily get
(1.5) in the case of p = 3 can be verified directly. So we complete the proof of (1.5).
Proof of (1.6). First we know that in [Su4] Z.-W.Sun proved that
By taking m = n and x = 1 2 in [TM, (1.1)] we can deduce that
With those two results we can get that Thus we complete the proof of (1.6). Until now we finish the proof of Theorem 1.2.
